Let S be a translation surface of genus g > 1 with n cone points (p i ) i=1,...,n with cone angle 2π · (k i + 1) at p i , where k i ∈ N. In this paper we investigate the systolic landscape of these translation surfaces for fixed genus.
Introduction
Translation surfaces are closed flat surface S with singularities or cone points (p i ) i=1,...,n with cone angle 2π · (k i + 1) at p i , where k i ∈ N. They have been intensively studied from the perspective of dynamical systems, algebraic geometry and geometric group theory for about 30 years now, see for example [FM] , [Wr] and [Zo] for overview articles. It follows from the Euler characteristic of the surface that
In this article we restrict to translation surfaces of genus g ≥ 2. It follows from the formula above that the space of translation surfaces of genus g ≥ 2 can be subdivided into admissible strata H(k 1 , . . . , k n ), such that the (k i ) i=1,...,n satisfy Equation (1). The moduli space M tr g of translation surfaces of genus g ≥ 2 has real dimension 8g − 6. The moduli space M(H(k 1 , . . . , k n )) of the surfaces in the stratum H(k 1 , . . . , k n ) is an orbifold of real dimension 4g + 2n − 2 (see [KZ] ): dim(M tr g ) = 8g − 6 and dim(M(H(k 1 , . . . , k n ))) = 4g + 2n − 2. We note that the stratum H(1, 1, . . . , 1) is the largest and the only one with full dimension. A systole of a translation surface S is a shortest simple closed geodesic. We denote by sys(S) its length. The aim of this article is to investigate the systolic landscape of these surfaces. The leitmotif for the proofs of the geometric inequalities of Section 2 and 3 is that translation surfaces are CAT(0) spaces. Therefore these surfaces share many properties of surfaces with non-positive curvature and especially the well-studied hyperbolic surfaces (see, for example, [Ak] , [Ba] , [Bu1] , [Bu2] , [Ge] , [Par] [Sc1] , [Sc2] and [Sc3] ). The main idea of these sections is therefore to tweak and carry over the corresponding results for compact hyperbolic surfaces to the realm of translation surfaces. One property of translation surfaces is that there is always a systole that passes through a cone point. We furthermore show in Section 2 that large systoles always have large collars in the systolic collar lemma Lemma 2.7.
Normalizing by the area area(S) of S we obtain SR(S) = sys(S) 2 area(S) , the systolic ratio of S, which is invariant under scaling of S. Let SR(g, tr) = sup{SR(S) | S translation surface of genus g}.
be the supremal systolic ratio in genus g. We also define the homological systole, which is a shortest homologically non-trivial loop in S. This is a shortest non-contractible loop that does not separate S into two parts. We denote by sys h (S) its length and define SR h (S) = sys h (S) 2 area(S) as the homological systolic ratio. Let SR h (g, tr) = sup{SR h (S) | S translation surface of genus g} be the supremal homological systolic ratio in genus g. It follows that for any surface S
sys(S)
Here the upper bound follows from [AM1] , Theorem 1.3-3. The inequality stated there is valid for any smooth Riemannian surface. It also applies in the case of translation surfaces, as any translation surface can be approximated by smooth Riemannian surfaces. This means that systolic ratio in genus g can only be of order
In the case of the systolic ratio for the genus it is clear that this is indeed a maximum (see Section 3). We call a surface S max maximal, if SR(g, tr) is attained in this surface. Maximal surfaces can be characterized in the following way Theorem 1.1. Let S max be a maximal translation surface of genus g ≥ 1. Then every simple closed geodesic, that does not run through a cone point is intersected by a systole of S max .
For a fixed stratum H(K), where K = (k 1 , . . . , k n ) we define in a similar fashion SR(H(K)) = sup{SR(S) | S translation surface in H(K)}.
and SR h (H(K)).
In this case it is not clear whether this is a maximum or a supremum. The problem is that two or more cone points might merge in a sequence of surfaces in which the systolic ratio goes to the limit. Concerning all these invariants surprisingly few is known in the case of translation surfaces. In the case of the systolic ratio of genus g only the case of genus one is clear. In the case of flat tori SR(1, tr) = 2 √ 3 . In this case the maximal surface is the equilateral torus, that has a hexagonal lattice. In genus two Judge and Parlier conjecture in [JP] that the surface Hex 2 obtained by gluing parallel sides of two isometric cyclic hexagons is maximal. The systolic ratio of this surface is SR(Hex 2 ) = 0.58404....
In this article they also show that in the case of the stratum H(2g−2) the maximum is attained in surfaces △ g of genus g composed of equilateral triangles and that
Concerning the lower bound of SR(g, tr) we show in this article: Theorem 1.2 (Intersystolic inequalities). Let SR(g, tr) and SR h (g, tr) be the supremal systolic ratio and homological systolic ratio in genus g. Then
From Theorem 1.2 and Equation (2) and (3) we conclude:
Corollary 1.3. Let SR(g, tr) and SR h (g, tr) be the supremal systolic ratio and homological systolic ratio in genus g, respectively. Then
To obtain this theorem we construct explicitly cyclic covering surfaces of genus k(g − 1) + 1 for a given surface of genus g. The theorem then follows from the fact that the length of a systole does not decrease in a covering surface. As we can also control the stratum of the covering surface a similar theorem for strata is stated in Corollary 2.10. Using a simple area argument we also show that Theorem 1.4 (Area estimate). Let S be a translation surface in the stratum
.
This inequality seems to be useful for large k n . In fact in the case of the stratum H(2g − 2) it implies an only slightly weaker inequality than (4). Another important type of curves on translation surfaces are the saddle connections. A saddle connection of a translation surface S is a geodesic arc, whose endpoints are cone points, where we allow the case that both endpoints are the same cone point. As there is always a systole that runs through a cone point (see Proposition 2.8) there is always a systole that is a saddle connection. Extending the result in [JP] about the stratum H(2g − 2) recently Boissy and Geninska showed in [BG] , Theorem 3.3.:
Theorem 1.5 (Boissy, Geninska). Let S be a translation surface in the stratum H(K), where K = (k 1 , . . . , k n ). Then the shortest saddle connection δ in S satisfies
The equality is obtained if and only if S is built with equilateral triangles with sides saddle connections of length ℓ(δ). Such surface exists in any connected component of any stratum.
As there is always a systole that passes through a saddle point this inequality also shows that SR(g, tr)
is at least of order 1 g . The result is, however slightly weaker than Corollary 1.3. Using similar methods as in the proof of Theorem 1.4 we furthermore show that there always exists a certain number of short saddle connections depending on the degree and number of cone points in the surface. Theorem 1.6 (Short saddle connections). Let S be a translation surface of genus g in the stratum H(K)
In the largest stratum H(1, 1, . . . , 1) Equation (1) implies:
Corollary 1.7 (Short saddle connections in H(1, 1, . . . , 1) ). Let S be a translation surface of genus g in the stratum H(1, 1, . . . , 1). Then there exist g − 1 saddle connections, such that
for l ≥ 2.
We furthermore present an algorithm to find the systole of a given origami surface (see Section 4 for a short introduction to origamis). As origami surfaces are dense in the space of translation surfaces, this enables us to search systematically for maximal surfaces. In terms of inequality (2) and Corollary 1.3 the question is if SR(g, tr) and SR h (g, tr) are of order
or of order 1 g . Our intuition is that the moduli space of translation surfaces is 'large' enough to attain the upper bound that is also attained in the general case. Therefore we conjecture:
and SR h (g, tr) be the supremal systolic ratio and homological systolic ratio in genus g, respectively. Then
This article is structured in the following way. After introducing the necessary tools and definitions in Section 2 we present the results about short geodesics on translation surfaces. Then we give a characterization of maximal surfaces in Section 3. In Section 4, we present the algorithm to calculate the length of a systole for an origami surface.
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Short curves on translation surfaces
As translation surfaces have singularities, we first give a proper definition of a geodesic. A curve is a map γ : I → S, t → γ(t), from an open or closed interval I ⊂ R into a translation surface S. A geodesic is a piece-wise differentiable curve, such that for all x ∈ I\∂I there is a neighbourhood U x of x, such that γ | Ux is an isometry. By abuse of notation we denote the image γ(I) equally by the letter γ. Denote by ℓ(γ) its length. A geodesic arc γ p,q in S is a geodesic in S with starting point p and endpoint q. A geodesic loop γ p in S is a geodesic arc with a single starting and endpoint p.
As the cone angles in the cone points are always bigger or equal to 4π, translation surfaces are local CAT(0) spaces (see for example [Pa] , Theorem 3.15). It follows that the universal covering spaceS of a translation surface S is a global CAT(0) space andS is homeomorphic to R 2 . There exists a group G of Deck transformations with the following properties:
where Isom(S) denotes the group of isometries of S. Furthermore the projection
be the set of points with distance smaller than r from p. We define:
Definition 2.1. Let S be a translation surface. The injectivity radius r p (S) of S in p is the supremum of all r, such that U r (p) is isometric to an open disk in S. We call the injectivity radius r inj of S the infimum of all r p (S):
We now prove Theorem 1.4:
Theorem 2.2 (Area estimate). Let S be a translation surface in the stratum
To this end we first show the following lemma:
Lemma 2.3. Let S be a translation surface. Then r p (S) = 1 2 ℓ(µ p ), where µ p is a shortest homotopically non-trivial geodesic loop with starting and endpoint p. Furthermore
Proof. We first prove that r p (S) = 1 2 ℓ(µ p ). As µ p is a homotopically non-trivial geodesic loop, we have that
Set R = r p (S). To prove the other direction, we lift U R (p) = B R (p) to the universal covering spaceS. Let (B R (p i )) i∈π 1 (S) be the lifts of B R (p). Then the closure of two such disks B R (p m ) and B R (p l ) may intersect, but can only intersect at the boundary. Let without loss of generality B R (p 1 ) and B R (p 2 ) two such disks and let q be an intersection point of B R (p 1 ) and B R (p 2 ). Let γ p 1 ,q and γ p 2 ,q be the geodesic arcs in B R (p 1 ) and B R (p 2 ), respectively, that connect the respective centers and q.
We now show that p 1 = p 2 , from which follows by covering theory that pr(γ p 1 ,q ∪ γ p 2 ,q ) is a non-trivial loop in S. Suppose p 1 = p 2 . Then γ p 1 ,q and γ p 2 ,q are different geodesic arcs connecting p 1 and q. But by the Cartan-Hadamard Theorem there can be only one geodesic arc connecting two different points in a CAT(0) space. A contradiction. Hence pr(γ p 1 ,q ∪ γ p 2 ,q ) is a loop µ ′ p with base point p of length 2r p (S). Hence the shortest geodesic loop µ p with base point p has length smaller than or equal to 2r p (S). In total we have:
By passing to the infimum we obtain r inj = sys(S) 2 , which is the second part of the statement in Lemma 2.3. This concludes our proof. Theorem 1.4 is a direct consequence of the following corollary:
Corollary 2.4. Let S be a translation surface with a cone point of cone angle 2πk. Then
Proof. Let p be the cone point of cone angle 2πk.
Combining these two inequalities we obtain:
which proves Corollary 2.4 and therefore Theorem 1.4.
We now prove that translation surfaces have short saddle connections by expanding embedded disks around cone points, thus providing a proof of Theorem 1.6: Theorem 2.5 (Short saddle connections). Let S be a translation surface of genus g in the stratum H(K)
We also give a refined estimate in the stratum H(1, 1, . . . , 1).
Corollary 2.6 (Short saddle connections in H(1, 1, . . . , 1) ). Let S be a translation surface of genus g in the stratum H(1, 1, . . . , 1). Then there exist g − 1 saddle connections, such that
The simplified formula implies Corollary 1.7 in the introduction.
Proof (Existence of short saddle connections). Let S be a translation surface in the stratum H(K), where
..,n be the n cone points with respective cone angles 2π · (k σ(i) + 1) at p i and recall that
where g is the genus of S. Let B ǫ (p i ) be an embedded disk of radius ǫ > 0 around p i . The idea is to now expand the radii of these disks successively in ⌊ n 2 ⌋ steps until they intersect. This will give us in each step a saddle connection together with an upper bound based on the area of the respective disks. We start with the first step as follows:
Step 1: We expand the radii of the n disks (B ǫ (p i )) i simultaneously until either the closure of two disks with radius r 1 intersect or the closure of a single disk with radius r 1 self-intersects. In the first case, we assume without loss of generality that the two disks B r 1 (p 1 ) and B r 1 (p 2 ) intersect. In the second case, we assume that B r 1 (p 1 ) self-intersects. Connecting the respective saddle points by a geodesic arc, we obtain a saddle connection δ 1 of length ℓ(δ 1 ) = 2r 1 . We have
As the union of the disks n i=1 B r 1 (p i ) is embedded in S, we have furthermore
As ℓ(δ 1 ) = 2r 1 we obtain from the above inequality an upper bound for
This inequality is slightly weaker than the one from Theorem 1.5 which implies that
Step 2: We note that we have at least n − 2 remaining disks. We now expand the remaining disks until i) the closure of a single disk among these disks self-intersects at radius r 2 . Let without loss of generality B r 2 (p 3 ) be that disk, or ii) two different disks, both with radius r 2 , or one with radius r 1 and the second with radius r 2 intersect. Here we assume that B r 2 (p 3 ) and B r 2 (p 4 ) intersect in the first case or B r 2 (p 3 ) and B r 1 (p 1 ) intersect in the second case.
In both Case i) or Case ii), we obtain a saddle connection ℓ(δ 2 ) = 2r 2 by connecting the respective saddle point or saddle points with a geodesic arc δ 2 = δ 1 of length smaller or equal to 2r 2 . As in Step 1, we obtain an upper bound on r 2 ≥ r 1 , as all disks are embedded. In any case we have
We recall that k 1 ≤ k 2 ≤ . . . ≤ k n . By the formula for the area of a disk of radius r 2 we therefore obtain
We note that the first inequality is nearly optimal if r 1 is close to zero and if p 1 and p 2 have cone angle 2π · (k n + 1) and 2π · (k n−1 + 1), respectively. As δ 2 = 2r 2 this implies
We proceed this way by expanding in each step l the remaining disks further until a single disk selfintersects or two different disks intersect. In each step we obtain a new saddle connection together with an upper bound of its length. In the l-th step we have at least n − 2(l − 1) remaining disks obtain:
Step l: We obtain a saddle connection ℓ(δ l ) = 2r l by connecting the respective saddle point or saddle points with a geodesic arc δ l length smaller or equal to 2r l . As in Step 2, we obtain an upper bound on r l
In the case of the largest stratum H(1, 1, . . . , 1) we have that k i = 1 for all i and therefore n = 2g − 2. In this case we can get a more refined inequality by taking into account the area of all expanded disks. As r 1 ≤ r k for all k we obtain in case we obtain in Step l
Hence we obtain after ⌊ n 2 ⌋ steps the second part of Theorem 1.6. The algorithm ends indeed after ⌊ n 2 ⌋ steps if in each step we obtain a saddle connection between two new saddle points. This concludes the proof of Theorem 2.5 and Corollary 2.6. Lemma 2.3 implies that if the systole of a translation surface is large, then it is embedded in a large disk. In this case the systole is also embedded in a large tube, as we will see in the following. Let η ⊂ S be a simple closed geodesic in S. We define a neighborhood U w (η) around η of width w by
We call the maximal collar width ω η of η the supremum of all w, such that U w (η) is isometric to an annulus in S. Finally, for w ≤ ω η we call the set
a collar C w (η) around η of width w < ω η or cylinder. We call a collar C w (η) of width w = ω η the maximal collar of η. We have:
Lemma 2.7 (Collar lemma for systoles). Let α be a systole of a translation surface S. Then the maximal collar C ωα (α) of α has width
The lemma uses similar arguments as the proof for the disks. A version for hyperbolic Riemann surfaces, which uses the same arguments can be found in [AM1] . For the sake of completeness we repeat the proof here.
Proof. Let α be a systole of a translation surface S of genus g ≥ 2. The closure C ωα (α) of the maximal collar of α self-intersects in a point p. There exist two geodesic arcs δ ′ and δ ′′ of length ω α emanating from α and having the endpoint p in common. These two arcs meet α at an angle θ ≥ π 2 and form a geodesic arc δ. The endpoints of δ on α divide α into two parts. We denote these two arcs on α by α ′ and α ′′ . Let without loss of generality α ′ ≤ α ′′ be the shorter arc of these two. We note that δ is not freely homotopic with fixed endpoints to α ′ or α ′′ as the universal covering of S is a global CAT(0) space. We have that
Let β be the simple closed geodesic in the free homotopy class of α ′ · δ. We have that
4 then it follows from this inequality that ℓ(β) < ℓ(α). A contradiction to the minimality of α.
Hence each systole α in a translation surface S has a collar C ℓ(α) 4 (α) of width ℓ(α) 4 , which is embedded in S. From this fact we also obtain an upper bound for the length of a systole via an area argument. However, this estimate is not better than the one given in the introduction in inequality (2). Next we prove that translation surfaces have the following remarkable property:
Proposition 2.8. Let S be a translation surface, then there exist a systole of S that passes through a cone point.
Proof of Proposition 2.8. Let S be a translation surface and let γ be a simple closed geodesic in S that does not intersect a cone point. Let ǫ > 0 be a sufficiently small positive real number such that
be a flat cylinder around γ that does not contain any cone points. Expand the cylinder until at width w C w (γ) intersects a cone point p at its boundary
Let without loss of generality γ ′ = ∂ 1 C w (γ) be the boundary part containing the cone point p. Now p might divide γ ′ into two or more simple closed geodesics, or not. In the first case, let γ ′′ be such a geodesic, that is contained in γ ′ and that contains p; in the second case, set γ ′′ = γ ′ . Now
Hence, for each simple closed geodesic γ there exists a simple closed geodesic γ ′′ of equal or smaller length than γ that passes through a cone point (see also [Ma] , Lemma 4.1.2). Hence the minimum sys(S) is attained in at least one simple closed geodesic that passes through a cone point, from which follows Proposition 2.8.
Finally we prove Theorem 1.2:
Theorem 2.9 (Intersystolic inequalities). Let SR(g, tr) and SR h (g, tr) be the supremal systolic ratio and homological systolic ratio in genus g. Then
Proof. Let S be a surface of genus g. Recall hat every translation surface contains infinitely many regular closed geodesics, i.e. closed geodesics which do not contain a cone point. This was shown for g ≥ 2 in [Mas, Theorem 2] and can be directly seen for flat tori. Furthermore, closed geodesics are non-separating, since by Poincaré recurrence theorem every trajectory leaving the geodesic in a fixed transverse direction v returns to the geodesic or hits a singularity. There are only finitely many trajectories which hit a singularity before coming back to the geodesic. Every returning trajectory connects the two sides of the geodesics in its complement. We now cut S along a non-separating regular closed geodesic to obtain a surface S c with two boundary geodesics α 1 and α 2 . We then construct a cyclic coverS of S by pasting k copies (S c i ) i=1,...,k of S c with boundary curves α i 1 and α i 2 together. To this end we identify the boundaries of the different (S c i ) i=1,..,k in the following way α
to obtain a cyclic cover. We denote the surface of genus k(g − 1) + 1 obtained according to this pasting scheme asS
As the covering is cyclic we have for the systole and homological systole of S:
sys(S) ≤ sys(S) and sys h (S) ≤ sys h (S).
Theorem 2.9 then follows by taking a maximal surface in the case of SR(g, tr) or a sequence of surfaces (S n ) n whose systole length converges to SR h (g, tr) in the case of SR h (g, tr).
We note that in our construction we do not cut S through a cone point. Therefore we obtain a covering surfaceS with a controlled number of cone points. This means if S is in the stratum H(K), where K = (k 1 , . . . , k n ) andS is a cyclic cover of order l theñ
Hence we also obtain:
Corollary 2.10. Let SR(H(K)) and SR h (H(K)) and supremal systolic ratio and homological systolic ratio in the stratum H(K), where K = (k 1 , . . . , k n ) and let
A characterization of maximal surfaces
In this section we prove that in a maximal surface S max of a given stratum every simple closed geodesic that does not pass through a cone point is intersected by a systole. This will prove Theorem 1.1:
Theorem 3.1. Suppose that S max is a maximal translation surface in the stratum H(K), for K = (k 1 , . . . , k n ). Then every simple closed geodesic, that does not run through a cone point is intersected by a systole of S max .
Observe that we explicitly use the existence of a maximal surface in this proof. [JP] explicitely construct maximal surfaces in H(2g − 2) and conjecture a maximal surface in H(1, 1). However, it is to our knowledge not known in general, whether each stratum contains a maximal surface. Whereas it is true, that the full moduli space M tr g does contain a surface whith a systole of maximal length for the following reason. For fixed genus g consider a sequence (S n ) n≥1 of surfaces whose systolic ratio converges to the supremum, i.e. lim n→∞ SR(S n ) = SR(g, tr).
As SR(g, tr) ≥ 0.58 g−1 we know that this sequence does not converge to the boundary of the moduli space M tr g . Hence the maximum is attained, as
is compact. Note that for the homological systole we do not know if the systole length converges to zero if sys h (·) of a sequence of surfaces converges to SR h (g, tr). Therefore the same argument might not apply in this case.
Proof of Theorem 3.1. Let S max be a maximal translation surface in the stratum H(k 1 , . . . , k n ). Let γ be a simple closed geodesic that does not pass through a cone point. Now, for some ǫ > 0, γ is embedded in a flat cylinder C ǫ (γ) that does not contain a cone point. Assume that no systole intersects γ. As every geodesic, that intersects C ǫ (γ) intersects γ, we have that no systole intersects C ǫ (γ). Now, the length spectrum of a translation surface is discrete. Hence for any simple closed geodesic η that is not a systole, we have: ℓ(η) > sys(S max ) + δ, for some δ > 0 independent of η.
We can construct a new translation surface S ′ max from S max by replacing the cylinder C ǫ (γ) by a smaller cylinder C ǫ ′ (γ) of width ǫ > ǫ ′ > 0. Here we choose ǫ ′ in a way such that no simple closed geodesic η ′ not homotopic to η and intersecting C ǫ ′ (γ) in S ′ max is smaller than sys(S max ). This way we can construct a comparison surface S ′ max , such that
But this is a contradiction to the fact that S max is maximal. Hence our assumption that γ is not intersected by a systole is wrong. Therefore any simple closed geodesic that does not contain a cone point is intersected by a systole. This proves Theorem 3.1.
4 An algorithm for finding the systole length of an origami surface For origamis it is easy to give an algorithm that calculates the length of the systoles. One main ingredient is that systoles are concatenations of saddle connections. A second ingredient is that the developing vectors of closed geodesics that do not contain singularities as well as of saddle connections are integer vectors.
Suppose that X is a translation surface coming from an origami O with singularities p 1 , . . . , p m given by the two permutations σ a and σ b in S n . We describe in the following how to calculate the length sys(X) of the systoles of X. 2 Let S be the set of all primitive vectors in Z 2 with length smaller or equal to l 0 and nonnegative second entry, i.e.
where Z 2 + = { x y | y > 0 or (y = 0 and x > 0)}. In particular, S is a finite set. Observe that any saddle connection contained in a systole has direction v with v ∈ S ∪ −S, where 4 Now take the union of the graphs Γ v over v ∈ S ∪ −S. More precisely, build the following weighted undirected graph Γ S : The vertices of Γ S are again the singularities p 1 , . . . , p m . For all v ∈ S and for all edges between p i and p j in Γ v include an edge between p i and p j in Γ S with the same label that the edge has in Γ v . In particular Γ S is a finite graph.
5 Choose the smallest closed reduced path in Γ. Here the length of a reduced path is the sum of the labels of the path. The length of this path is sys(X).
The graphs Γ v in Algorithm I can be calculated for example as described in Algorithm II. Recall for this that the singularities of an origami surface given by the pair of permutations (σ a , σ b ) are in one-to-one correspondence with the cycles of the commutator [σ a , σ b ] of length greater than 1.
Algorithm II
1 Choose a matrix A ∈ SL 2 (Z) such that A · v = 1 0 . Let X A := A · X. Hence the saddle connections on X in direction v are in one-to-one correspondence with the horizontal saddle connections on X A . If s is such a saddle connection on X and s A = A · s the corresponding saddle connection on X A , we have for their lengths ℓ(s) and ℓ(s A ) that ℓ(s) = ℓ(v) · ℓ(s A ). 3 As long as L is not empty do: Take the first element i in L and remove it from L. Let k ≥ 1 be the smallest integer number such that j = (σ ′ a ) k (i) ∈ L. Put a directed edge labeled by k · ℓ(v) from the singularity which corresponds to the cycle of [σ ′ a , σ ′ b ] containing i to the singularity which corresponds to the cycle containing j. 1 we obtain the following two graphs Γ v of saddle connections:
